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Abstract
For a noetherian ring R we call an R-module M cofinite if there ex-
ists an ideal I of R such that M is I-cofinite; we show that every cofi-
nite module M satisfies dimR(M) ≤ injdimR(M). As an application
we study the question which local cohomology modules HiI(R) satisfy
injdimR(H
i
I(R)) = dimR(H
i
I(R)). There are two situations where the an-
swer is positive. On the other hand we present two counter-examples, the
failure in these two examples coming from different reasons.
1 Introduction
Let I be an ideal of a noetherian ring R. By definition, an R-module M is
I-cofinite if SuppR(M) ⊆ V(I) and if all Ext
i
R(R/I,M) are finitely generated.
Note that, for local (R,m), m-cofiniteness is the same as artinianness. The
concept of I-cofiniteness was introduced by Hartshorne ([4]); see [1, 5, 7, 11, 12]
for more material on cofiniteness.
Let M be a module over a ring R. An injective resolution of M is an exact
sequence
0→M → E0 → E1 → . . . ,
where all Ei are injective R-modules. By definition, injdimR(M) ≤ n, if there
is an injective resolution of M such that 0 = En+1 = En+2 = . . . .
Every finitely generated M over a noetherian ring R satisfies dimR(M)
(1)
≤
injdimR(M); if R is local and injdimR(M) <∞ holds, one has injdimR(M)
(2)
=
depth(R). Both (1) and (2) are known as Bass formula. In this work (theorem
2.3) we generalize (1) to the class of all R-modules which are I-cofinite for at
least one ideal I of R (we call these modules cofinite modules), where R is a
noetherian ring. We show (remark 2.2) that (2) does not generalize to the class
of all cofinite modules and explain why this generalization fails.
In the sequel we prove some consequences of theorem 2.3 for local cohomol-
ogy modules; in particular we are dealing with the following
Question. When does
injdimR(H
i
I(R)) = dimR(H
i
I(R))
hold?
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(Here I is an ideal of a noetherian ring R and HiI(R) is the i-th local coho-
mology of R supported in I.) There is a positive answer in the following two
situations (see Corollary 2.6 and remark 2.7):
• R is a noetherian local regular ring containing a field and HiI(R) is I-
cofinite.
• R is a noetherian local Gorenstein ring R and HnI (R) = 0 for every n 6= i.
Finally we prove that the answer to the above question is negative in general.
More precisely, we present two counter-examples which are different in nature
(example 2.9 and the last example from 2.11). In 2.12 we summarize answers
to the above question.
By ER(M) we denote a fixed R-injective hull of an R-module M .
2 Results
2.1 A positive result
The following statement is contained in [1, Corollary 1], for the sake of com-
pleteness we present a simple proof:
Lemma 2.1. Let R be a noetherian ring, I ⊆ R an ideal and M an I-cofinite
R-module. Then, for every ideal J of R containing I and for every l ∈ N, the
module ExtlR(R/J,M) is finitely generated.
Proof. By induction on l: The case l = 0 is trivial, because for every ideal J
of R containing I there is an inclusion HomR(R/J,M) ⊆ HomR(R/I,M) and
the latter module is finitely generated. We assume l > 0 and that the statement
is true for smaller l: We choose x1, . . . , xn ∈ R such that J = I + (x1, . . . , xn)R
and prove our induction hypothesis by induction on n: In the case n = 0 there
is nothing to prove, we assume n > 0 and that the statement holds for smaller
n: Consider the short exact sequence
0→ R/(In−1 :R xn)
xn→ R/In−1 → R/J → 0 ,
(we define Is = I + (x1, . . . , xs)R for every s ∈ {1, . . . , n}) where xn denotes
multiplication by xn on R/In−1. We get an exact sequence
Extl−1R (R/(In−1 :R xn),M)→ Ext
l
R(R/J,M)→ Ext
l
R(R/In−1,M) .
The latter module in this sequence is finitely generated by induction on n and
the first module is finitely generated by induction on l. Therefore, the second
module is finitely generated; both inductions are completed. 
Remark 2.2. If (R,m) is a noetherian local ring and M is a finitely generated
R-module of finite injective dimension then injdimR(M)
(2)
= depth(R). This is
not true for every cofinite R-module M , here is a counterexample: Let R =
k[[X ]] be a formal power series ring in one variable over a field k; set M =
k[X−1] = k ·1⊕k ·X−1⊕ . . . . It is well-known that M , together with its natural
R-module structure, is an R-injective hull of k. Clearly, M is artinian, i. e.
XR-cofinite and we have
injdimR(M) = 0 6= 1 = depth(R) .
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More generally, remark 2.7 below will present a class of local cohomology modules
M for which
injdimR(M) = dimR(M)
holds, and for which dimR(M) is not equal to depth(R) in general.
If R is a noetherian ring, every finitely generated R-module M satisfies
dimR(M) ≤ injdimR(M) .
The same formula holds for any cofinite R-moduleM (by definition,M is cofinite
if there exists an ideal I of R such that M is I-cofinite):
Theorem 2.3. Let R be a noetherian ring and M a cofinite R-module. Then
dimR(M) ≤ injdimR(M)
holds.
Proof. Let I be an ideal of R such that M is I-cofinite. It suffices to show
the following two statements (by µk(p,M) := rankRp/pRp(Ext
k
Rp(Rp/pRp,Mp))
we denote the k-th Bass number of M with respect to a prime ideal p of R):
(a) If p is minimal in SuppR(M) then µ0(p,M) 6= 0.
(b) If p ( p′ are prime ideals of R with no prime in between such that
µk(p,M) 6= 0 then µk+1(p
′,M) 6= 0:
Let 0 → M → E• be a minimal injective resolution of M . Statement (a)
is clear, because for every p minimal in SuppR(M) one has p ∈ AssR(M) =
AssR(E
0), i. e. µ0(p,M) 6= 0. Proof of (b): Localizing at p
′ allows us to assume
that (R,m) is local and p′ = m. Choose any x ∈ m\p. The short exact sequence
0→ R/p
x
→ R/p→ R/(p+ xR)→ 0
induces an exact sequence
ExtkR(R/p,M)
x
→ ExtkR(R/p,M)→ Ext
k+1
R (R/(p+ xR),M) .
Now, µk(p,M) 6= 0 implies p ∈ SuppR(M) (note that one has SuppR(E
l) ⊆
SuppR(M) for every l as E
• is a minimal injective resolution of M) and, there-
fore, p ⊇ I; by lemma 2.1, we conclude that ExtkR(R/p,M)(6= 0) is a finitely
generated R-module. This fact, together with our last exact sequence and the
lemma of Nakayama implies that Extk+1R (R/(p + xR),M) 6= 0. The non-zero
R-module R/(p + xR) has finite length, and therefore it is easy to see that
Extk+1R (R/m,M) 6= 0, i. e. µk+1(m,M) 6= 0. 
Corollary 2.4. Let R be a noetherian ring, I an ideal of R and M a finitely
generated R-module. Then H lI(M) is I-cofinite for every l ∈ N if one of the
following two conditions holds:
(c1) dim(R/I) = 1.
(c2) There exists p ∈ N such that H
i
I(M) is finitely generated for every i 6= p
(see remark 2.5 on this condition; also note that it would suffice to assume that
HiI(M) is I-cofinite for all i 6= p).
Consequently, by theorem 2.3, one has
dimR(H
l
I(M)) ≤ injdimR(H
l
I(M))
for every natural l.
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Proof. This follows immediately from theorem 2.3 and the fact that H lI(M)
is I-cofinite for every l ∈ N if (c1) or (c2) holds; this was shown in [1, Theorem
1] resp. [12, Theorem 1.1] in the case of (c1) and in [11, Proposition 2.5] in the
case of (c2). 
Remark 2.5. In the situation of corollary 2.4 set
h := height((I +AnnR(M))/AnnR(M))
and
c := cd(I,M) = cd(I, R/AnnR(M)) .
Note that cd(I,M) := inf{l ∈ N|0 = H l+1I (M) = H
l+2
I (M) = . . . } is the
cohomological dimension of I on M ; also note that 0 ≤ h ≤ c. One has
c > 0⇒ HcI (M) is not finitely generated
(proof: By localizing in any prime ideal of the support of HcI (M) we may as-
sume that (R,m) is local; the functor HcI is right exact on modules whose sup-
port is contained in V (AnnR(M)) and therefore one has H
c
I (M) ⊗R R/m =
HcI (M/mM) = 0, as c is positive; by Nakayama, H
c
I (M) is not finite) and
h > 0⇒ HhI (M) is not finitely generated
(proof: We assume that HhI (M) is finitely generated. Let p be a prime ideal
of R containing I + AnnR(M) such that height(p/AnnR(M)) = h. Then
IRp/AnnR(M)Rp is pRp/AnnR(M)Rp-primary and we conclude that
HhI (M)p = H
h
pRp(Mp)
is finite as an Rp-module; by construction, dimRp(Mp) = h and our above result
on c shows that HhpRp(Mp) is not finite, contradiction). Thus, if h > 0, the
equality p = h = c is necessary for condition (c2) of corollary 2.4.
2.2 An application and some examples
Corollary 2.6. Let R be a noetherian local regular ring containing a field and
I an ideal of R such that H lI(R) is I-cofinite for some natural number l. Then
injdimR(H
l
I(R)) = dimR(H
l
I(R))
holds. In particular, one has injdimR(H
l
I(R)) = dimR(H
l
I(R)) if one of the
following conditions is satisfied:
(i) dim(R/I) ≤ 1.
(ii) The residue field R/m (where m denotes the maximal ideal of R) is
separably closed, dim(R/I) = 2, I is equidimensional and Spec(R/I) \ {m} is
connected.
(iii) I is a set-theoretic complete intersection.
(iv) The characteristic of R and R/I is Cohen-Macaulay.
Proof. The first statement follows immediately from theorem 2.3 together
with the following theorem, which is due to Lyubeznik ([9, 10]):
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Theorem. Let R be a regular ring containing a field and I an ideal of R. Then,
for every l ∈ N,
injdimR(H
l
I(R)) ≤ dimR(H
l
I(R))
holds.
In the second part it is true in all four cases that there is only one non-
vanishing local cohomology module of R with support in I (which is then nec-
essarily I-cofinite by [11, Prop. 2.5]); this is clear for the cases (i) and (iii). In
the case of (ii), it follows from [6, Theorem 2.9] and in the case of (iv) from the
identity
H lI(R) = dirlime∈N Ext
l
R(R/I
[pe], R)
(where I [p
e] denotes the pe-th Frobenius power of I and l is an arbitrary natural
number) together with the flatness of the Frobenius map over regular local rings
of positive characteristic.

Under suitable assumptions, the result of corollary 2.6 holds for more general
rings:
Remark 2.7. Let I be an ideal of a Gorenstein ring R and l ∈ N such that
HiI(R) = 0 (i 6= l)
holds. Then the formula
injdimR(H
l
I(R)) = dimR(H
l
I(R)) (= dim(R/I))
holds.
Proof. Follows e. g. from [5, Prop. 3.1]. 
Question 2.8. When does injdimR(H
i
I(R)) = dimH
i
I(R) hold? In the situa-
tions of corollary 2.6 and remark 2.7 this question has a positive answer.
But corollary 2.6 in general becomes false if one does not assume that H lI(R)
is I-cofinite, as the following example shows:
Example 2.9. Let R = k[[x, y, z]] be a power series ring over a field k and
let I be the ideal (xy, xz)R of R. Because of I = xR ∩ (y, z)R we have the
Mayer-Vietoris sequence
0→ H2(y,z)R(R)→ H := H
2
I (R)→ E → 0
(E is a fixed R-injective hull of k) and hence an exact sequence
HomR(R/(y, z)R,H
2
(y,z)R(R))→ HomR(R/(y, z)R,H)→
→ HomR(R/(y, z)R,E)→ Ext
1
R(R/(y, z)R,H
2
(y,z)R(R)) .
The first and the last term of the previous sequence are both finitely generated,
since H2(y,z)R(R) is (y, z)R-cofinite (the last term is zero in fact). Therefore,
HomR(R/(y, z)R,H) is finite if and only if HomR(R/(y, z)R,E) is finite; but
HomR(R/(y, z)R,E) is isomorphic to Ek[[x]](k) (with an R-module structure
induced by R→ R/(y, z)R ∼= k[[x]]) and it is well known that the latter module
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is not finitely generated. We conclude that HomR(R/(y, z)R,H) is not finitely
generated; in particular HomR(R/I,H) is not finitely generated, H is not I-
cofinite.
By using Cech cohomology, it is clear that H is the cokernel of the natural
map
Rxy ⊕Rxz → Rxyz .
Thus, by using Cech cohomology also for H2(y,z)R(R),
H = H2(y,z)R(R)x = H
2
(y,z)R(y,z)R
(R(y,z)R) = ER(R/(y, z)R)
(the second equality follows because (y, z)Rx is a maximal ideal of the localized
ring Rx and H
2
(y,z)R(R)x is an R(y,z)R-module). H is injective, we have
injdimR(H) = 0 6= 1 = dimR(H) .
It seems that the negative answer to question 2.8 in the previous example
comes from the fact that the primary components of the ideal I have different
dimension; but we will see that the answer is in general negative also if all
components of I have the same dimension. We start with some general facts:
Remark 2.10. There is a result from Huneke and Koh ([5, theorem 2.3(ii)])
resp. Lyubeznik ([9, corollary 3.5]) which says that if I is an ideal of a regular
ring R containing a field, then, for l > beight(I), HomR(R/I,H
l
I(R)) is finitely
generated only if H lI(R) is zero. Thus, in order to find examples of non-I-cofinite
local cohomology modules H lI(R) one should consider ideals where cd(I, R) is big.
Faltings ([2]) proved upper bounds for the cohomological dimension cd(I, R)
of an ideal I of a regular local ring R containing a field. Lyubeznik presents
examples where this upper bounds are actually obtained ([8] and [6, Corollary
5.3]):
Theorem. Let (R,m) be an excellent regular d-dimensional local ring contain-
ing a field. Let s and b be positive natural numbers such that s = ⌈(d − 1)/b⌉,
where ⌈α⌉is the maximum integer which does not exceed the real number α. Let
I0, . . . , Is be ideals of bigheight b such that I0 + · · · + Is is m-primary. Set
I =
⋂
0≤j≤s Ij. Then cd(I, R) = d− s and this is precisely the maximal possible
value (i. e. the general upper bound on cd(I, R) from [2]).
We investigate, with respect to question 2.8, non-trivial examples where
s and b are small (note that cases where the local cohomology module is
cofinite are clear by Corollary 2.6); our last example will show that not all
local cohomology modules H arising from Lyubeznik’s result above satisfy
injdimR(H) = dimR(H):
Examples 2.11. Let k be a field and R = k[[x1, . . . , xd]] a formal power series
algebra over k in d variables.
• s = 2, b = 2, d = 5. We take I := (x1, x2)R ∩ (x3, x4)R ∩ (x5, x1)R and
H := H3I (R). Because of remark 2.10, H is not I-cofinite (it is not zero
because, by Lyubeznik’s result mentioned above, cd(R, I) = 5−s = 3). We
claim that H has a minimal injective resolution of the form
0→ H → ER(R/(x1, x2, x3, x4)R)⊕ ER(R/(x1, x3, x4, x5)R)→
6
→ ER(R/m)→ 0 :
A part of a Mayer-Vietoris sequence with respect to the ideal (x1, x2)R ∩
(x5, x1)R and (x3, x4)R is:
H3(x1,x2)R∩(x5,x1)R(R)→ H →
→ H4(x1,x2,x3,x4)R∩(x1,x3,x4,x5)R(R)→ H
4
(x1,x2)R∩(x5,x1)R
(R)
By another Mayer-Vietoris sequence argument, we see that in this sequence
the first and last term vanish, we get
H = H4(x1,x2,x3,x4)R∩(x1,x3,x4,x5)R(R)
For later use we note {(x1, x2, x3, x4)R, (x1, x3, x4, x5)R}
(+)
⊆ AssR(H).
The Cech complex of H with respect to x2, x5 has the form
0→ H → Hx2 ⊕Hx5 → Hx2·x5 = 0 .
The spectral sequence belonging to the composed functors
Γ(x2,x5) ◦ Γ(x1,x2,x3,x4)R∩(x1,x3,x4,x5)R
shows that Γ(x2,x5)R(H) = 0 and H
1
(x2,x5)R
(H) = ER(R/m). On the other
hand, for p := (x1, x3, x4, x5)R we have
Hx2 = H
4
pRx2
(Rx2) = H
4
pRp(Rp) = ER(R/(x1, x3, x4, x5)R)
(because H4pRx2
(Rx2) has a natural Rp-module structure). Similarly,
Hx5 = ER(R/(x1, x2, x3, x4))R. Together with (+) our claim follows.
Thus,
injdimR(H) = dimR(H) = 1 .
• s = 2, b = 2, d = 6. We take I := (x1, x2)R ∩ (x3, x4)R ∩ (x5, x6)R
and H := H4I (R). Again, because of remark 2.10, H is not I-cofinite (it
is not zero because, by Lyubeznik’s result mentioned above, cd(I, R) =
6 − s = 4). A Mayer-Vietoris sequence argument with respect to the
ideals (x1, x2)R ∩ (x3, x4)R and (x5, x6)R shows that there is a canonical
isomorphism H = H5(x1,x2,x5,x6)R∩(x3,x4,x5,x6)R(R). From this it is easy to
see that
injdimR(H) = dimR(H) = 0 .
• s = 2, b = 2, d = 6. We take I := (x1, x2)R ∩ (x3, x4)R ∩ (x5, x6)R and
H := H3I (R). Again, because of remark 2.10, H is not I-cofinite (we will
see below that it is not zero). A similar Mayer-Vietoris sequence like in
the previous example provides us with a short exact sequence
0→ H4(x1,x2,x3,x4)R(R)→ H →
→ H4(x1,x2,x5,x6)R(R)⊕H
4
(x3,x4,x5,x6)R
(R)→ 0 .
On the other hand, the spectral sequence belonging to the composed func-
tors Γm ◦Γ(x1,x2,x5,x6)R shows that H
2
m(H
4
(x1,x2,x5,x6)R
(R)) = H6m(R) 6= 0.
This fact together with the above exact sequence implies H2m(H) 6= 0,
therefore we have
injdimR(H) = dimR(H) = 2 .
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• s = 2, b = 3, d = 7. We take I := (x1, x2, x3)R ∩ (x4, x5, x6)R ∩
(x7, x1, x2)R and H := H
5
I (R). Because of remark 2.10, H is not I-
cofinite. Similar arguments like in the first example show
injdimR(H) = dimR(H) = 1
(one can start e. g. with the Mayer-Vietoris sequence belonging to the
ideals (x1, x2, x3)R ∩ (x7, x1, x2)R and (x4, x5, x6)R).
• s = 2, b = 3, d = 7. We take I := (x1, x2, x3)R ∩ (x4, x5, x6)R ∩
(x7, x1, x4)R and H := H
5
I (R). Because of remark 2.10, H is not
I-cofinite. The Mayer-Vietoris sequence with respect to the ideals
(x1, x2, x3)R ∩ (x7, x1, x4)R and (x4, x5, x6)R provides us with an exact
sequence
H5(x1,x2,x3)R∩(x7,x1,x4)R(R)→ H → H
6
Σ(R)→ H
6
(x1,x2,x3)R∩(x7,x1,x4)R
(R) .
Here
Σ := ((x1, x2, x3)R ∩ (x7, x1, x4)R) + (x4, x5, x6)R
= (x1, . . . , x6)R ∩ (x1, x4, x5, x6, x7)R .
Note that, by an obvious Mayer-Vietoris sequence argument, one has
H l(x1,x2,x3)R∩(x7,x1,x4)R(R) = 0
for every l ≥ 5; therefore, one gets a canonical isomorphism
H = H6Σ(R) .
The height of Σ is five and so H lΣ(R) = 0 for l 6∈ {5, 6}. In particular,
Hpx7R(H
q
Σ(R)) is zero if q 6∈ {5, 6} or if p > 1 (i. e. there are only four
potentially non-zero terms) and thus the convergent spectral sequence
Ep,q2 := H
p
x7R
(HqΣ(R))⇒ H
p+q
x7R+Σ
(R) = Hp+q(x1,x4,x5,x6,x7)R(R)
shows Γx7R(H) = 0 (because Γx7R(H) = E
0,6
2 = E
0,6
∞ and even E
6
∞ =
H6(x1,x4,x5,x6,x7)R = 0) and H
1
x7R
(H) = 0 (because H1x7R(H) = E
1,6
2 =
E1,6∞ = E
7
∞ = H
7
(x1,x4,x5,x6,x7)R
= 0). The two latter vanishing results
mean precisely that the canonical map H → Hx7 is an isomorphism. On
the other hand,
(H =)Hx7 = H
6
Σ(R)x7 = H
6
(x1,...,x6)R
(R)x7 .
On the other hand it is clear that
SuppR(H
6
(x1,...,x6)R
(R)) = {(x1, . . . , x6)R, (x1, . . . , x7)R} ;
in fact, a more precise statement is possible:
ExtpR(R/(x1, . . . , x6)R,H
6
(x1,...,x6)R
(R)) = Extp+6R (R/(x1, . . . , x6)R,R)
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and
ExtpR(R/(x1, . . . , x7)R,H
6
(x1,...,x6)R
(R)) = Extp+6R (R/(x1, . . . , x7)R,R)
(p ∈ N is arbitrary) are isomorphisms that come from obvious spectral
sequence arguments; the Bass numbers of R itself are known (as R is
Gorenstein) and so one may conclude that a minimal injective resolution
of H6(x1,...,x6)R(R) has the form
0→ H6(x1,...,x6)R(R)→ ER(R/(x1, . . . , x6)R)→ ER(R/(x1, . . . , x7)R)→ 0 .
One may localize this exact sequence in x7 and derive canonical isomor-
phisms
(H =)H6(x1,...,x6)R(R)x7 = ER(R/(x1, . . . , x6)R) .
Now it is clear that one has
injdimR(H) = 0 6= 1 = dimR(H) .
Summary 2.12. Let R be a noetherian local regular ring containing a field, I
an ideal of R and l a natural number. Here is a summary of the previous results:
(i) If H lI(R) is I-cofinite then injdimR(H
l
I(R)) = dimR(H
l
I(R)) holds (corol-
lary 2.6).
(ii) There are examples where H lI(R) is not I-cofinite, but injdimR(H
l
I(R)) =
dimR(H
l
I(R)) holds (e. g. the first example from 2.11).
(iii) There are examples where injdimR(H
l
I(R)) = dimR(H
l
I(R)) does not
hold (e. g. the last example from 2.11, where l = cd(I, R)).
Question 2.13. Do there exist a Cohen-Macaulay ideal I in a regular local
ring R containing a field of characteristic zero for which injdimR(H
l
I(R)) =
dimR(H
l
I(R)) does not hold for some natural l?
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